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Jacobi $\xi(x, t)$ $L^{2}-$
$E(k)=c_{K}\epsilon^{2/}3k-5/3$ Jacobi $L^{2_{-}}$
:




















1 $u(x, t)$ (1) $t$ (2) $t$ [
– $\mathrm{E}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{r}/\mathrm{N}\mathrm{a}\mathrm{v}\mathrm{i}\mathrm{e}\mathrm{r}$-Stokes
(2.1 )
$u(x, t)$ $\mathrm{T}^{3}$ 1 $a$
(orbit) $X(a, t)$ $X(a, t)$
$\frac{\mathrm{d}X(a,t)}{\mathrm{d}t}=u(X(a, t),$ $t)$ (1)
$a_{\text{ }}$ – –
$X(a, t)$ $\mathrm{T}^{3}$ ..
{X $(a,$ $t)$ ; $t\in[0,1],$ $a\in \mathrm{T}^{3}$ } (2)





$\mathrm{T}^{3}$ $\mathrm{T}^{3}$ $-$ – $\psi_{t}$ $\mathrm{T}^{3}$
$f$ 3 Dirac $\delta(x)$ $X(a$ ,
1:




Arnol’d {X $(t)$ } $-$ $-$
$X(t)$ ( 1 )
$t$ $\xi(x, t)$ $\alpha$
$X_{\alpha}(t)=x(t)+\alpha\xi(X(t), t)$ (5)
1 $\mathrm{K}\mathrm{a}\mathrm{n}\mathrm{e}\mathrm{d}\mathrm{a}[5]$ LRA







$\{X_{\alpha}(t)\}$ u $t_{\text{ }}$ $x$
$X_{\alpha}(t)$ :















$t$ $X(t)_{\text{ }}$ $u(X(t), t)\text{ }$
$\xi(X(t), t)\text{ }$ $v(X(t), t)$
$\xi(x, t)$ :
$X_{\alpha}(t+\epsilon)=X(t+\epsilon)+\alpha\xi(\mathrm{x}(t+\epsilon), t+\epsilon)$
$=X(t)+\epsilon u(X(t), t)+\alpha\xi(X(t)+\epsilon u(X(t), t)+O(\epsilon^{2}),$ $t+\epsilon)+O(\epsilon^{2})$
$=X(t)+\epsilon u(X(t), t)+\alpha\xi(X(t), t)$
$+ \alpha\epsilon(\frac{\partial\xi}{\partial t}(X(t), t)+\nabla_{u}(\mathrm{x}(t),t)\xi(x(t), t)\mathrm{I}+O(\epsilon)2+O(\alpha)2$ (8)
$\nabla_{b}a$ $a(x)$ $b(x)$
:





$=X(t)+\alpha\xi(X(t), t)+\epsilon u_{\alpha}(X(t)+\alpha\xi(X(t), t)+O(\alpha^{2}),$ $t)+O(\epsilon^{2})$
$=X(t)+\alpha\xi(X(t), t)+\epsilon u_{\alpha}(\mathrm{x}(t), t)+\alpha\epsilon\nabla_{\xi(}X(t),t)u\alpha(X(t), t)+O(\epsilon^{2})+O(\alpha^{2})$
$=X(t)+\alpha\xi(X(t), t)+\epsilon(u(x(t), t)+\alpha v(X(t), t))$
$+\alpha\epsilon\nabla\epsilon(X(t),t)(u(X(t), t)+\alpha v(X(t), t))+O(\epsilon^{2})+O(\alpha^{2})$
$=X(t)+\alpha\xi(X(t), t)+\epsilon u(X(t), t)$
$+\alpha\epsilon(v(X(t), t)+\nabla_{\xi(}\mathrm{x}(t),t)u(\mathrm{x}(t), t))+O(\epsilon^{2})+O(\alpha^{2})$ (10)
(8), (10) –
$t\in[0,1]_{\text{ }}$ $x\in \mathrm{T}^{3}$








$(l(x, t),$ $s(x, t)$ )
[6]:
$\frac{\partial l}{\partial t}=\nabla\cross(u\cross l)$ , $\frac{\partial s}{\partial t}=(u\cross(\nabla \mathrm{X}s))S^{\cdot}$ (12)
$(a)_{S}$ $a$
Fourier $\mathcal{F}$ :
$(a_{i}(x)e_{i})_{S}:=(F^{-1}P_{i}j(k)Fa_{j})(x)e_{i}$ where $P_{ij}(k)= \delta_{ij}-\frac{k_{i}k_{j}}{|k|^{2}}$ . (13)
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Affine
1. [Affine ] $a(x),$ $b(x)$ :
$\nabla_{\mathrm{c}}(a+b)=\nabla_{\mathrm{c}}a+\nabla_{\mathrm{c}}b$ , $\nabla_{b+c}a=\nabla_{b}a+\nabla_{c}a$ . (14)
2. [Affine ]
:
$\nabla_{b}(f(x)a(X))=(b(x)\cdot\nabla f(x))a(x)+f(x)(\nabla_{b}a(X))$ . (15)











$\langle a(x), b(x)\rangle:=\int_{\mathrm{t}\zeta 3}a(X)\cdot b(X)\mathrm{d}x$ (17)
$c(x)$ :
$\langle a(X(t)),$ $b(\mathrm{x}(t))\rangle=\langle a(X(0)),$ $b(x(0))\rangle$ for $\forall t\in[0,1]$ (18)
$\frac{\mathrm{d}}{\mathrm{d}t}X(t)=c(X(t))$ 3 $tarrow \mathrm{O}$ :
5. [Levi-Civita (l):Riemann ]
$a,$ $b,$ $c$ :
$\langle a, \nabla_{c}b\rangle+\langle\nabla \mathrm{c}a, b\rangle=0$ . (19)
3 $\mathrm{d}x$
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{ Lagrangian $L( \dot{X}(t)):=\frac{1}{2}\langle u(x, t), u(x, t)\rangle$
–
5
6. [ ] $a(x)=b(x)=u(x, t)$ Euler
$(u(x, t)\cdot\nabla)u(X, t)+\nabla P(x, t)$ :
$\nabla_{u}u=((u\cdot\nabla)u)S$ . (20)
6 –
$\nabla_{b}a=((b\cdot\nabla)a)s+\tau(\nabla\cross(b\cross a)+(b_{j}\frac{\partial a_{j}}{\partial x_{i}}e_{i})S)$ (21)
( $\tau$ ) $\tau$
Levi-Civita
7. [Levi-Civita (2): ]
:
$\nabla_{b}a-\nabla_{a}b=(b\cdot\nabla)a-(a\cdot\nabla)b$ . (22)





(Euler ) 2 (Jacobi
) Jacobi Arnol’d
2.1 Euler ( 1 )
{X $(t);t\in[0,1]$ }
:
$S( \{X(t)\})=\frac{1}{2}\int_{0}^{1}\int_{\mathrm{T}^{3}}u(\mathrm{x}(t), t)\cdot u(X(t), t)\mathrm{d}\mathrm{x}(t)\mathrm{d}t$. (24)
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(8) $\epsilon$
$u_{\alpha}(X_{\alpha}(t), t)=u(X(t), t)+ \alpha(\frac{\partial\xi}{\partial t}(X(t), t)+\nabla_{u(\mathrm{x}}(t),t)\xi(X(t), t))$ . (25)
:
$\mathrm{d}X_{\alpha}(t)=\mathrm{d}X(t)+\alpha(\frac{\partial\xi_{1}}{\partial x_{1}}+\frac{\partial\xi_{2}}{\partial x_{2}}+\frac{\partial\xi_{3}}{\partial x_{3}})\mathrm{d}X(t)+O(\alpha^{2})=\mathrm{d}X(t)$. (26)
(24) $\{x_{\alpha}(t)\}$
$S(\{X_{\alpha}(t)\})$
$= \frac{1}{2}\int_{0}^{1}\int_{\mathrm{T}^{3}}|u(X(t), t)+\alpha(\frac{\partial\xi}{\partial t}(X(t), t)+\nabla_{u(X}(t),t)\xi(\mathrm{x}(t), t))|^{2}\mathrm{d}X(t)\mathrm{d}t$
( Lagrange Euler )
$= \frac{1}{2}\int_{0}^{1}\int_{\mathrm{T}^{3}}|u(x, t)+\alpha(\frac{\partial\xi}{\partial t}(x, t)+\nabla_{u(x,t)}\xi(X, t))|^{z}\mathrm{d}X\mathrm{d}t$
( $\alpha$ )
$=S( \{X(t)\})+\alpha\int_{0}^{1}\int_{\mathrm{T}^{3}}u(x, t)\cdot(\frac{\partial\xi}{\partial t}(x, t)+\nabla_{u(_{\mathrm{i}l,t})}\xi(X, t))\mathrm{d}x\mathrm{d}t+O(\alpha^{2})$
( $\nabla$ )
$=S( \{X(t)\})-\alpha\int_{0}^{1}\int_{\mathrm{I}^{3}}(\frac{\partial u}{\partial t}(x, t)+\nabla_{u(\mathrm{i}t},t)u(X, t))\cdot\xi(x,t)\mathrm{d}_{X}\mathrm{d}t$
$+ \alpha[\int_{\mathrm{T}^{3}}u(x, t)\cdot\epsilon(X, t)\mathrm{d}x]\mathrm{o}1+O(\alpha^{2})$ (27)
$\xi(x, 0)=\xi(x, 1)=0$ $\xi$
$O(\alpha)$ $u$ Euler
$\partial u$
$\overline{\partial t}(_{X,t})+\nabla u(x,t)u(_{X}, t)=0$ (28)
2.2 (Jacobi ) ( 2 )
{X $(t)$ } $\{X_{\alpha}(t)\}$ Euler
$\xi(x, t)$ Jacobi 12
(11) Euler $u(x, t)$ Lagrange :
$\frac{\mathrm{D}v}{\mathrm{D}t}=\frac{\mathrm{D}^{2}\xi}{\mathrm{D}t^{2}}-\nabla_{\frac{\partial}{\partial t}}u-\nabla\xi\epsilon\frac{\partial u}{\partial t}-\nabla_{u}\nabla_{\xi}u$
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( (11), (28) )
$= \frac{\mathrm{D}^{2}\xi}{\mathrm{D}t^{2}}-\nabla_{(-}v+\nabla\xi u\nabla u\xi)^{u-\nabla}\epsilon(_{\frac{\mathrm{D}u}{\mathrm{D}t}-}\nabla_{u}u)-\nabla_{u}\nabla_{\xi}u$
$=- \nabla_{v}u-\nabla\epsilon\frac{\mathrm{D}u}{\mathrm{D}t}+\frac{\mathrm{D}^{2}\xi}{\mathrm{D}t^{2}}+(\nabla_{\xi}\nabla_{u-}\nabla u\nabla_{\xi u_{-}\nabla u}-\nabla(\nabla_{\xi}\xi)\mathrm{I}^{u}$ , (29)
$\frac{\mathrm{D}}{\mathrm{D}t}:=\frac{\partial}{\partial t}+\nabla_{u}$ $u,$ $u_{\alpha}$ Euler
$\frac{\mathrm{D}u}{\mathrm{D}t}=0$ , $\frac{\mathrm{D}v}{\mathrm{D}t}+\nabla_{v}u+O(\alpha)=0$ (30)
$O(\alpha)$ Jacobi
$\frac{\mathrm{D}^{2}\xi}{\mathrm{D}t^{2}}(x, t)+\Omega(u(x, t),$ $\xi(X, t)\mathrm{I}^{u}(X, t)=0$ (31)
$\Omega(u, \xi):=\nabla_{\xi^{\nabla_{u-}}\xi^{-}\xi)}\nabla u\nabla\nabla_{(\nabla\epsilon}u-\nabla u$ (32)
2.3
Jacobi
$\frac{\mathrm{D}u}{\mathrm{D}t}(x, t)=0$ , $\frac{\mathrm{D}^{2}\xi}{\mathrm{D}t^{2}}(x, t)+\Omega(u(x, t),$ $\xi(X, t))u(x, t)=0$ (33)









$u_{\alpha}(x, t)=u(x, t)$ for $\forall x\in \mathrm{T}^{3},$ $\forall t\in[0,1],$ $\forall\alpha\in[0, \alpha]$ . (36)
$0$






$u(x, 0)$ $\alpha v(x, 0)$
$\frac{\partial\xi}{\partial t}(x, 0)=v(_{X,\mathrm{o})}$ (38)
Jacobi
Jacobi
$||v(t)||=|| \frac{\partial\xi}{\partial t}(t)+\nabla_{u(}t)\xi(t)-\nabla_{\xi(}t)^{u(}|t)|$ (39)
$t$ Arnol’d





$u(x, t)$ – Jacobi ( (31))
$\Omega(u, \xi)u$ $u$
(1) Jacobi (2)
– 1 2 Fourier :
$\{$$\langle u_{i}(\wedge p)^{\wedge}u_{j}(q)\gg=\frac{1}{2}Q(p)Pij(p)\delta(p+q|0)$ (40)
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$\langle\langle f(u)\rangle\rangle$ t $u$ $\delta(A|B)$ Kronecker
$A=B$ 1 $0$
$\eta(x)$




$=- \frac{1}{2}k_{C}pdPab(r+p)Q(p)^{p_{ac}(p})\delta(p+q|0)\xi d\wedge(r)\eta_{b}\wedge(-k)\delta(p+q+r-k|0)$ ,
$=- \frac{1}{2}kp(z-\frac{p}{s}(y+Zx)).\frac{p_{b}p_{d}}{p^{2}}\eta b(\wedge-k)\xi_{d}\wedge(k)Q(p)\delta(k+p+S|0)$ . (42)
(43)
$k=|k|,$ $p=|p|,$ $s=|s|,$ $x=- \frac{p\cdot s}{ps},$ $y=- \frac{s\cdot k}{sk},$ $z=- \frac{k\cdot p}{kp}$








$( \Omega(u, \xi)u)_{i}(k)=\frac{1}{2}\xi_{j(k})\sum\sum\frac{k}{ps}pipj(\wedge(Sxy+3z)k+p+s=0-2p(y+xZ))Q(p)$ . (46)
$p$ $s$
:
$( \Omega(u, \xi)u)i(k)=\pi\xi_{j}(k\wedge)\int_{p}\int_{s}pipj(s(xy+3Z)-2p(y+x\mathcal{Z}))Q(p)\mathrm{d}_{S\mathrm{d}p}$ , (47)
$(p,s)\in D$
$D$ ( $D=\{(p, s);p+s>k, s+k>p, k+p>s\}$
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$-5/3$ (
) $\int\xi\cdot\Omega(u, \xi)u\mathrm{d}x$ Fourier
$\ll^{\wedge}\xi(-k)\cdot(\Omega(u, \xi)u)(k)\gg$
$= \pi\xi_{i}(k)\xi j(k)\int\wedge\wedge(p,p\int_{S)\in D}sp_{i}p_{j}(S(xy+3\mathcal{Z})-2p(y+xz))Q(p)\mathrm{d}s\mathrm{d}\mathrm{P}$
(Jacobi – $\xi_{i}(-k)\xi_{j()}k=Q_{\xi(}\overline{2}\wedge k$ ) $P_{ij}(k)$ )
$= \frac{\pi Q_{\xi}(k)}{2}\int_{(p},p\int_{S)\in D}s)p(1-Z)(s(xy+3z)-2p(y+xz)Q(p)22\mathrm{d}s\mathrm{d}p$
( $E(p)=2 \pi p^{2}Q(p)=C_{K}\epsilon^{\frac{4}{3}}p^{-}\frac{\mathrm{O}}{3}$ )
$= \frac{C_{K}\epsilon^{\frac{2}{3}}Q\xi(k)}{4}()\int_{p_{)}s}p\int_{D\in}s)p-\frac{5}{3}(1-z^{2})(s(xy+3z)-2p(y+Xz)\mathrm{d}S\mathrm{d}p..,$.










$\frac{1}{2}\frac{\partial^{2}}{\partial t^{2}}|\xi|^{2}=-u\cdot\nabla(\xi\cdot\frac{\partial\xi}{\partial t}+\xi\cdot\eta)-\frac{\partial u}{\partial t}\cdot\nabla(\frac{|\xi|^{2}}{2})+\eta\cdot\eta-\xi\cdot(\Omega(u, \xi)u)$. (51)
:
$\frac{1}{2}\frac{\mathrm{d}^{2}}{\mathrm{d}t^{2}}\int|\xi|2X\mathrm{d}=\int|\eta|2-\mathrm{d}X\int\xi\cdot(\Omega(u, \xi)u)\mathrm{d}_{X}$ . (52)
Fourier :
$\frac{\mathrm{d}^{2}}{\mathrm{d}t^{2}}\int Q_{\xi}(k, t)\mathrm{d}k=2\int|\eta(k, t)|^{2}\mathrm{d}k-2\int\xi(-k, t)\cdot(\Omega(u, \xi)u)(k, t)\mathrm{d}k$ . (53)
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$-5/3$ – Jacobi $L^{2_{-}}$
:







$O(\alpha)^{\text{ } _{ }}$
.
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